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In this work we study symplectic unitary representations for the Galilei group. As a consequence 
the Schrodinger equation is derived in phase space. The formalism is based on the non-commutative 
structure of the star-product, and using the group theory approach as a guide a physical consistent 
theory in phase space is constructed. The state is described by a quasi-probability amplitude that 
is in association with the Wigner function. The 3D harmonic oscillator and the noncommutative 
oscillator are studied in phase space as an application, and the Wigner function associated to both 
cases are determined. 
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I. INTRODUCTION 

The idea of non-commutative space coordinates 
started with Heisenberg back in the 1930's by means a 
letter addressed to Peierls. It contained the notion of a 
uncertain relation in space-time as a possibility to avoid 
singularities which can appear on the pontual particles 
self-energy terms. Based on such piece of advice, Peierls 
worked on the Landau problem. Then the idea propa- 
gated as a chain until Snyder since Peierls talked to Pauli, 
who included Oppenheimer in the discussion, who passed 
those ideas to his PhD student Hartrand Snyder [H-Q- 
Thus Snyder was the first to develop the idea that the 
space coordinates could not commutate in too close dis- 
tances scales. In his work, published in 1947 [HQ, he pro- 
posed a new approach to understand space-time, which, 
at the highly enough energies, should be switched for 
the notion of space-time fragmentation on minimum size 
cells. In such a way the idea of point became misleading. 
So, as a direct consequence of the non-commutative fea- 
ture of the operators correspondent to space-time coordi- 
nates results on the impossibility to precisely measure a 
particle position. From the mathematical viewpoint, the 
simplest algebra of the operators X 1 * , that represents the 
hermitian operators correspondent to space-time coordi- 
nates, is given on anti-symmetric tensor constant Q^ v , 



The relations above imply in these uncertain relations 



These last relations suggest that distances of y\0^\ or- 
der, effects of the space-time non-commutative turn to be 
relevant, showing the end of the classical model of space- 
time and the beginning of a new geometric structure. 
Over the last decades the interest of the physical commu- 
nity resurfaced with the application of non-commutative 
geometry in non-abelian theories @ , in gravitation , 
in standard model fiol - 12 1 and in the understanding of 
the quantic Hall effect 13 1. 

Contemporary to the initial studies on noncommuta- 
tive geometry, Wigner introduced in 1932 the first for- 
malism for quantum mechanics in phase space in order to 
develop the quantum kinectic theory [TEj . In the Wigner 
formalism, each operator, say A, defined in the Hilbert 
space, H, is associated with a function, say aw(q,p), 
defined in phase space, T [l5l - [T8j . Then there is an ap- 
plication Qw ■ A — > aw{q,p), such that, the associative 
algebra of operators defined in H turns out to be an 
asociative (but not commutative) algebra is T, given by 
Q : AB — > aw(q,p) * bw(q,p), where the star-product 
(Moyal product) * is defined by 



aw(q,p)*bw(q,p) 



a w ( q ,p)ex P {^---^-)]bw( q ,p). 
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It should be noted that the above equation can be seen 
as an operator A = ayy-k acting in functions b^/From a 
physical and mathematica standpoint, the phase space 
and Moyal product have been explored in different ways 
(l6U34| , in particular to study the irreducible unitary rep- 
resentations of kincmatical groups considering operators 
o the type a w *. In this sense, in a recent our work, using 
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the notion of symplectic struture and of Weyl product 
of a not commutative geometry, we studed unitary rep- 
resentations of Galilei group and we showed as to write 
the Schroedinger equaion in phase space 35]. This ap- 
proach gives rive to a new procedure to derive Wigner 
function without the use of the Liouville-von Neumman 
equation. In others works of our, we showed as to ex- 
tend this representation to the relativistic case using the 
Poincar group [H, In other words, using the no- 

tion of symplectic struture and the Weyl product, we 
constructed unitary representations for Lie algebra for 
the Poincare group and from this representations we de- 
rive the Klein- Gordon and the Dirac equations in phase 
space, and we presented the conection of this formalism 
with the Wigner function (36[. 

In this work we restrict in the no relativistic case. We 
study eigenvalue problems of Schroedinger equation in 
phase space to treat the three dimensional harmonic os- 
cillator and the noncommutative harmonic oscillator in 
phase space. As a result, we write the Wigner function 
for both cases. The harmonic oscillator represents a im- 
portant prototype of a physical system in every branch of 
physics, but the most exciting applications are probably 
Bose-Einstein condensation and quantum Hall effect in 
various dimensions. 

The presentation is organized in the following way. In 
the section 2, we define a Hilbert space H(T) over a 
phase space with its natural symplect satruture.i?(r) will 
turn out o be the space of representation of the Galileu 
group. In the section 3 , we construct the generations 
A w (q,p)-k for the Galilei group and study the representa- 
tions space of such operators and a representation for the 
Schroedinger equation in phase space is derived. In sec- 
tion 4 we present the solution of the Schroedinger equa- 
tion in phase space for three dimensional harmonic oscil- 
lator. In the section 5 we presented the resolution for the 
noncommutative oscillator in phase space and the calcu- 
lation of Wigner function for this system. Finally, some 
closing comments are given in Section 6. 



II. HILBERT SPACE AND SYMPLECTIC 
STRUCTURE 

Consider an analytical manifold M where each point is 
specified by coordinates q. The coordinates of each point 
in the cotangent-bundle V = T*M are denoted by (q,p). 
The 2iV-dimensional manifold T is equipped with 2-form, 
that is defined by 

uj = dq A dp, 
and is called the symplectic form . The operator 



where 



d d do 
dq dp dp dq 



(1) 



with the symplectic form lead to the Poisson bracket, 
{f,g} = u(fA,gA)=fAg, 



{f, 9} 



dfdg 
dq dp 



df_dg_ 

dp dq ' 



and / = f(q,p), g — g{q 1 p). The manifold V constituted 
by space T*M endowed with this symplectic structure 
is then called the phase space, and the set of analytical 
functions f(q,p) is denoted by C°°(F). The vector fields 
over r are given by 



dq dp dp dq 

The Hilbert space associated with r is introduced by 
a set of complex functions , ip(q,p), which are square 
intcgrable in C°°(T), i.e. 



dpdqip\q,p)tp(q,p) < 



Then the functions may be defined as ip(q,p) = (q,p\4>), 
with 



J dpdq \q,p)(q,p\ = 1, 



and 



dpdq ip^(q,p)<l>{q,p), 



where (ip\ is a dual vector of This Hilbert space, 
denoted by H(T), is used here as the carrier space for 
representation of Lie algebras. 

Consider I — {at, i = 1,2, 3, ...} a Lie algebra over the 
(real) field R, of a Lie group G, characterized by the alge- 
braic relations (dj, ay) = CijkCik, where Cijk € R are the 
structure constants and (, ) is the Lie product. We con- 
struct unitary symplectic representations for £, denoted 
by f^Spi using the star-product, as given in Eq. (??). The 
associative product in %(Y) is introduced from A, Eq. (JTJ) , 



as a mapping e 



iaA 



* : r x T -> T, defined by 



if*g)(q,p) = f(q,p)e a g(q,p) 

= exp [ia (d q d p , - d p d q ,)] f(q,p)g(q',p') 



(2) 

q',p'=q,pi 

(3) 



where / and g are functions in C°°(T) and d x — d/dx 
(x = p,q). The constant a fixes units, without any special 
meaning at this level. The usual associative product is 
obtained by taking a = 0. In addition, to each function, 
say f(q,p), we introduce an operators in the form / — 
f(q,p)-k. Such an operator will be used as the generator 
of unitary transformations. 
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III. GALILEI-LIE ALGEBRA IN H(T) AND 
SCHODINGER EQUATION IN PHASE SPACE 

In this section, we study the representation of Galileu 
group in H(T). This procedure leads us to the 
Schrodingcr equation in phase space. Then a connection 
between this representation and the Wigner formalism is 
established. 

Using the star-operator, A = a-k, the momentum and 
position operators, respectively, are defined by 

- ih 

Q = q* = q+—d p , (4) 

ih , . 

p = p* = p- Y d i- ( 5 ) 

In this sense, the following operators are introduced, 

K = mQi-tPi, (6) 



ih d ih d h 2 d 2 

(7) 

and 

1 ih d 2 ih d , 2 , ih d , 2 , 

(8) 

From this set of unitary operators we obtain, after some 
long but simple calculations, the following set of commu- 
tation relations: 



The physical content of this representation can be de- 
rived if we first observe that Q and P are transformed by 
the boost as 



exp(— iv.— )Pj exp(iv. — ) = Pj + mVjl, (9) 



exp(—iv.—)Qj exp(iv. — ) = Q.j + Vjtl. (10) 
Furthermore 

[Qi,Pj] = ihSijl. 

Therefore, Q and P can be taken to be the physical ob- 
servables of position and momentum. The Galilei boost 
transforms them according to Eqs. © and ([IT))) . To be 
consistent, generators L are interpreted as the angular 
momentum operator, and H is taken as the Hamiltonian 
operator. The Casimir invariants of the Lie algebra are 
given by 

~ P 2 ~ 1 ~ ~ 

h=H and I 2 =L K x P, 

2m m 

where 1\ describes the Hamiltonian of a free particle and 
I-x is associated with the spin degrees of freedom. First, 
we study the scalar representation; i.e. spin zero. 
Defining the operators 

Q = ql and P = pi, 

we observe that, under the boost, Q and P transform as 



exp(— iv— )2Q exp(iv — ) = 2Q + vtl, 
h h 

and 



[Li,Lj] — iheijk-Lk, 
[Li,Kj] = ihe ijk K k , 
[Li,Pj] = ihe ijk P k , 
[Ki,Pj} = ihmSijl, 

[Ki,H]=ihPi, 

with all other commutation relations being null. This is 
the Galilei-Lie algebra with a central extension character- 
ized by m. The operators defining the Galilei symmetry 
P, K, L and H are then generators of translations, boost, 
rotations and time translations, respectively. 



cxp(— iv — )2P exp(iv — ) = 2P + mvl. 
h h 

This shows that, Q and P transform as position and mo- 
mentum variables, respectively. These operators satisfy 
[Q, P] = 0. Then Q and P cannot be interpreted as ob- 
servables. Nevertheless, they can be used to construct a 
frame in Hilbert space with the content of phase space. 
Then we define an orthogonal basis in 'H(r) by, 

Q\q,p) = q\q,p) and p\q,p) =p\q,p), 

with 

(q 1 p\q>,p')=5(q-q')6(p-p') 1 

such that J dqdp\q,p)(q,p\ = 1. It is worth noting that 
the wave function tp(q,p,t) — (q,p\ip(t)} is associated 
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with the state of the system, but not have the content of 
the usual quantum mechanics state. 

The time evolution equation for ip(q,p, t) is derived by 
using the generator of time translations, such that 

= e^V(O), (11) 
and the Hermitian adjoint is 

^(t) =^{0)e^. (12) 

Now we get 

ihd t ip{q,p;t) = H(q,p)tp(q,p;t), 



IV. 3D HARMONIC OSCILLATOR IN PHASE 
SPACE 

In this section we intent to show the solution of har- 
monic oscillator when expressed in phase space. With 
this example, our aim is to familiarize the reader to the 
formalism used to determine the Wigner function. Thus 
we start with the following 3-dimensional hamiltonian 



H 



P 

2m 



2 2 

■ m uj q , 



(18) 



where p 2 = pi + p 2 + p 2 and q 2 — x 2 + y 2 + z 2 . 

In order to write such a system in phase space we need 
to replace the coordinates and momenta by 



ihd t ip(q,p;t) = H(q,p)*tjj(q,p;t), 



(13) 



which is the Schrodinger equation in phase space [35j |. 

The average of a physical observable A(q 1 p) = 
a(q,p] t)-k, in the state i/)(q,p) is given by 



(A) = I dqdptp j '{q,p)A(q,p) ip(q,p) 
dqdp^(q,p)[a(q,p)*ip(q,p)} 
= I dqdp a(q,p)[i>(q,p)*ip*(q,p)] 



(14) 



The association of ip(q,p,t) with the Wigner function is 
given by [35j |. 



fw(q,p) = ^{q,P,t)*^(q,p,t) 



(15) 



This function satisfies the Liouville-von Neumann equa- 
tion [351 ] . and the probability density in configuration 
space is 



dp^(q,p)^(q,p), 
(16) 



P(q) = J dp[ip(q,p)*ip*(q,p)] - 
while in momentum space it is 
p(p) = / dq[ip(q,p)*ip f {q,p)} = / dqtp{q,p)ip\q,p) 



(17) 

It is important to emphasize that the average of an 
observable is consistent with the Wigner formalism, i.e. 
from Eqs. (fT4f and (fl5|l . we have 



(A) = / dqdp a(q,p)f w (q,p;t). 



This provides a complete set of physical rules to inter- 
pret representations and opens the way to study other 
improvements. For example, we consider in the next sec- 
tions the three dimensional harmonic oscillator and the 
noncommutative oscillator. 



1 d 

2 dp 1 



1 d_ 

2 % ' 



(19) 



respectively. We have adopted the unities system where 
m = ui = 1. Thus using the prescription (fl9| into ex- 
pression (|18[) we get the hamiltonian operator 



H*= - 
2 



2.2.2 
Px + Py + Pz 



x' 2 + y 2 + z 2 + i 



d d , 

x a P x ^~ + 

op x ox ; 



d 

8py 

d 2 



Vy Ty 
i I d' d 2 
, dx 2 dy 2 



dz 2 



d 
dp z 

dpi 



d 

PzTT 

oz 



dp 2 dp 2 



(20) 



Now we are able to write the Schroedinger equation in 
phase space. The solutions of such an equation will yield 
the Wigner functions. To solve the equation = , 

let us perform a change of variables. We will use 



+ p 2 y +p 2 z +x 2 + y 2 + z 2 ) , 



then it yields 









d^> 


a* 






dx 


= x irc 


dp x 


d( 






a* 


d^ 


d^ 


a* 






dy 




dp y 


= Py ~dX 






5* 


a* 


d^ 


a* 






dz 




dp z 


: Pz TTT 

d( 




and 












a 2 * 




2 a 2 * 


d 2 ^ 


a* 


2 a* 


dx 2 




x d( 2 ' 


dp 2 x 




' Px ~d~c ' 


d 2 ^ 




2 d 2 * 


a 2 * 


a* 


2 a 2 * 


dy 2 




vy d( 2 ' 


dp 2 y 


= Tk" 


Py d( -2 


dH 




2 d 2 ^ 


d 2 ^ 


a* 


2 a 2 * 


dz 2 




Vz d( 2 ' 


dp 2 z 


= ac 4 


Pz Q( -2 



As a consequence the imaginary part of H * \ff 
vanishes which leads to 
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For our aim we define the star product 



d 2 ^ 

C^+3--4( C -£)* = 0. 



(21) 



* = *h6 = exp 



) + 



Performing another variable change r — AQ and assum- 
ing ^ = exp (— r/2) x(r), then we get the equation 



rx"+(3-r)x'+(E--) x = 0, (22) 

where a prime means a derivative with respect to r. 
The following differential equation 

zu" + (7 — z)u — au = , 

where u = u(z), have as a solution the confluent hyper- 
geometric function, defined as 

q q(q + l) ^ 2 a(q + !)(« + 2) z 3 

u(2) — F(a.~y, z) — 1+ z-\ 1 h . . . , 

7 7(7+1) 2 7(7 + 1X7 + 2) 6 



where & = (x, y) and Pi = {p x ,p y ). 
And the following equations 



1 1 
ft* = ft + ~d Pi + -jOijd qi , 



and 



1 1 
Pi* = Pi + 2^9. + 2 0i i d Pi ■ 



(26) 



The operators defined in equations Eq. 
Eq. (l2"Tj) satisfies the following commutation relations 

[QuPj] = iSij, 



(27) 
and 



if we compare it to eq. (|22|) . we conclude that \ — 
F (— [E — |) ; 3; r) . It is important to note that the con- 
fluent hypergeometric function is finite only if the param- 
eter a is a negative integer, therefore such a constraint 
yields 



E — E.„ 



with n being an integer. We recall that we are using 
H = 1, hence the energy has the expected behavior. Then 
the solution of Schrodinger equation in phase space is 



*„(C)=exp(-2C)F(-n,3,4C), 



where F(—n, 3, 4£) is the confluent hypergeometric func- 
tion with proper parameters. The Wigner function can 
be calculate using Eq.(fl"5j). thus it yields 



fw(q,p)=C n exp(-2C)F(-n,3,4C), (24) 
where C n = exp (-2E n ) F(-n, 3, AE n ). 



and 



[ft,*] 



[pi,Pj] 



In this way, we have a noncommutative phase space. 
Using the Eq. (l2"Bl) and Eq. ([2T| . Schrodinger equation in 
phase space is write as 

+ \dv* + \od y f + ( Px + Id. - l -ed Py f + 

+ (V + \ d Vy - 7}8d X ) 2 + (Py + ^8y + ~ 68p x ) 2 ] %l> (X , y , p X , Py ) = 



(23) = Eip{x,y,p Xl p y ). 



(28) 



Note that we take — 6 12 = —621- 

For solve the Eq. ([2"5|) . we define the new coordinates 
x = x, y = (l + 6 2 )- 1 / 2 (y*-e Px ),p~ x *= (l + l? 2 )- 1 ^* 
+9y*), and p y * = p y *. 

From this new coordinates, we define the new star- 
operators, 



V. 2D NONCOMMUTATIVE OSCILLATOR IN 

PHASE SPACE y* = (1 + 9 2 y 1/2 (y * -9p x *), 

In this section, we solve the Schrodinger equation 
for two-dimensional noncommutative oscillator in phase _ n _|_ 2 )^ 1 / 2 (p x ★ +9y*) 

space. Our aim is to derive the Wigner function for this 
problem. So, consider then the Hamiltonian of a two- and 
dimensional oscillator (we take h = 1, m = 1 and u = 1), 



Py-k = p y 



H — 2^ X ^ Px) + ^Py)' Is possible to show the following relations 
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A general solution is given by 



2\l/2 



So, denning 



[x*,p x *] = (i + e-) 



a x * = -j=(x*+ip x -k), 



a'-k 



V2 



1 



(x*—ip x *), 



and 



a\-k = —(y-k+ipy*), 

we can write the Schrodinger equation as 

(at*a x *+al*a y *+(l+9 2 ) 1/2 )^(x,^,y,f y ) = E^(x,p^,y,p y ), 

(29) 

where [a i} at] = i(l + fl 2 ) 1 / 2 ^-. 

The operators defined by Sj* and a]* are the annihi- 
lation and creation operators, respectively. In this way, 
we can write the energies corresponding as 



(l + 2 ) 1/2 (rcx +% + !). 



For ground state ip 0Q (x,p x ,y,p y ) = (j)o(x,p x )xo(y,P y ) 
we have a x * <poa y * xo — 0, wich is explicity written as 

1 i l 

-^d R + ip x + -ds)())(x,p x ), (30) 



1 i ~ 1 ~ ~ 

7^(5 + 2 d Py +iPv + 2 d ^ y,Pv ^ ( ' 31 ' ) 



and 



Looking for real solutions of Eq. ([30|) and Eq. (j3Tj) we 

have to solve the followig set of equations: 

(x+ -dx)<h = 0, 



(y + o%)xo = o, 



and 



V'oo = C cxp-(j; 2 +p x +y 2 +p y ), (32) 

where Cn — — is a normalization constant. For n > 1 
the functions ip n are determined by using the creation 
operator, that is, 



1 



vn! 



(33) 



From Eq.(|15j) we can write the Wigner function associ- 
ated with each ip nx n y , that is 

fw(x,pZ,y,P~y) = ^n^tpt^ny- 

For n x = 1 , n y = 1 , we find 

f^(x,p^,y,p y ) ~ [1 - 2((5?) 2 + (^) 2 )]e-« £ ) 2+ ^) 2 )[l - 
-2((y) 2 + (p~) 2 )] e -(») 2 +^) 2 ), 

For n x = 2, = 2, we find 

fw(x,pi,y,p v ) 



2 - M(x) 2 + (pT x ) 2 ) + ((x) 2 + (p^) 2 ) 2 ] x 



xe-«^» J »[2-4(® 2 + fe) 2 ) + 

+ ((y) 2 + fe) 2 )]e- ((f)2+ » 2) . 

For arbitrary n x and n y we have the result 



fa ~ Ln[(^) 2 + (i) 2 )]Ln[(y) 2 + (p~ ) 2 



-((S) 2 +(S) 2 +(i ; ) 2 +(^) 2 ) 
(34) ' 

where Ln are the Laguerre polynomials. In terms of 
original variables, we can to write 



fw( x ^y^Px,Py'^) 



Ln[(x 2 + (l + 9 2 )- 1 ( Px + 0y) 2 )} x 
x Ln[{l + 9 2 )- l (y-0p x ) 2 + p 2 y ] x 
x e -((x 2 +P(p*+8y) 2 )+f3(y-8 P:c ) 2 +pl) 

(35) 



where j3 — (1 + ^ 2 ) -1 . Once the noncommutative param- 
eter 9 = 0, the equation above back as that in commuta- 
tive space. This result is the same as the one derived in 
works [38( and [39j, following a different method. 

In Eq. (1331) we realize that the Wigner function cor- 
responding to the noncommutative oscillator depends on 
the parameter 9. However, in theoretical point of view, 
on of the main problems in non-commutative models is 
the determination of parameter 9. In most models this 
parameter is arbitrary. A question of great relevance 
to the acceptance of non-commutative models as candi- 
date for the description of physical phenomena is there- 
fore how the parameter may be related to the observable 
physical quantities [40H42] ]. 



7 



VI. CONCLUDING REMARKS 



In this letter we have set forth a symplectic representa- 
tions of the Galilei group, that give rise to quantum theo- 
ries in phase space. The Schrodinger equation is derived. 
As an application, we study the 3D harmonic oscillator 
and the noncommutative oscillator in phase space, and 
obtain the Wigner function. The symplectic representa- 
tions are constructed by using the notion of the Moyal- 
product (or star-product), as a noncommutative geomet- 
rical content. Then a Hilbert space is defined from a 



manifold with characteristics of phase space. The states 
are represented by quasi-probability amplitudes. This 
is important since it gives rise to a connection with the 
Wigner function. One central point to be emphasized 
is that the approach developed here permit the calcula- 
tion of Wigner functions by a method based on unitary 
representations . 
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